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ABSTRACT 
For n 3 6, we determine the minimum permanents and minimizing matrices on 
the faces of R3+,, the polytope of (3 + n) x (3 + n) doubly stochastic matrices. 
whose nonzero entries coincide with those of 
where J is the matrix with all entries equal 1, I the identity matrix, and 0 the zero 
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I. INTRODUCTION 
Let D = [dij] be an n-square nonnegative matrix, and let 
n(D) = (X = [ xij] E R,I xij = 0 whenever dij = 0). 
Then Cl(D) is a face of LI,, the polytope of n X n nonnegative doubly 
stochastic matrices, and since it is compact, Cl(D) contains a minimizing 
matrix A such that per( A) < pel( X> for all X E fl( D). 
Recall that an n-square nonnegative matrix is said to be fully indecompos- 
able if it contains no k X (n - k) zero submatrix for k = 1,. . . , n - 1. 
Brualdi [l] defined an n-square (0,l) matrix D to be cohesive if there is a 
matrix 2 in the interior of a( D> for which 
per( 2) = min{per( X) 1 X E n(D)}. 
And he defined an n-square (0, 1) matrix D to be baycentric if 
per(b(D)) = min{per(X)IX E Cl(D)}, 
where the baycenter b(D) of fi( D) is given by 
where the summation extends over the set of all permutation matrices P with 
P < D, and pel( D> is their number. 
For a matrix A, A(i, j, . . . , k I I, m, . . . , n) denotes the submatrix ob- 
tained from A by deleting rows i, j, . . . , k and columns 1, m, . . . , n. In 
particular, we simplify the notation A(i, j, . . . , k I i, j, . . . , k) to A(i, j, . . . , k). 
The following lemma is well known ([5] or [7]). 
LEMMA 1.1. Let D = [dij] be an n-square fully indecomposable (0,l) 
matrix, and A = [u,~] be a minimizing matrix on fl( 0). Then A is fuZZy 
indecomposable, and for (i, j) such that dij = 1, 
per( A( i I j)) = per( A) if aij > 0, 
per( A( i I j)) 2 per( A) if aij = 0. ??
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Let Jr,s be the r X s matrix with all entries equal to 1, and I, be the 
identity matrix of order n. 
In [8], Song considered a matrix 
and suggested determining the minimum 
ces on fl(V,,, ,,) for m > 2, and n > 3. 
Brualdi [l] determined the minimum 
I WI.” 
L 1 
permanents and minimizing matri- 
permanent and minimizing matrix _ _ 
on CNV,,“_ i). Song determined the minimum permanents on fl(V,, ,) in 161 
and on fi(V,,,) in [7], respectively. 
Let 4n.n be an m X n matrix such that 
A = 
I?%.” 
b, b2 ... b” 
Xl 0 
x2 
0 X,1 
(1.1) 
where Ki (S;i> is a column (row) vector with hi as all its entries for 
i = 1,2,. . . , n. Since the first m columns and first m rows of V,,, n are the 
same, we can use the averaging method (see [4] or [5]) on those columns and 
rows of a minimizing matrix on NV,,.), respectively. Thus we can write a 
minimizing matrix on fl(V,, ,) as A,,, fl in (1.1). Since V,, n is fully indecom- 
posable, each bi is not zero. 
The purpose of this paper is to determine the minimum permanents and 
minimizing matrices on the face fl(V,, ,,> of CIn3+,, for all n 2 6. 
11. U3,” 
In this section, we consider the (3 + n)-square (0, 1) matrix U,, ,) as 
follows: 
u 0 IOn 3,3 3,n = I 1 I 1,’ n.3 (2.1) 
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We show that U, n is cohesive and barycentric for n > 5. Moreover, we 
determine the minimum permanent on the face KI(U,, ,J for n > 5. 
If a column j of an n X n matrix A contains exactly k nonzero entries 
(2 Q k < n), say in rows ri, . . . , r,, then the (n - l&square matrix GC( A) 
obtained from A by replacing rows r2, . . . , rk with [l/(k - l)](r, + r2 
+ . . . + rk) and deleting row rl and column j is called a generalized 
contraction of A. 
LEMMA 2.1. Zf an n x n matrix A is fully indecomposable, so is GC( A). 
Proof. It suffices to consider the case where GC( A) is the generalized 
contraction of A on column 1 relative to rows 1,2,. . . , k. Thus A and 
GC( A) have the form 
A= GC( A) = 
4 k-l cx+p+-.-+Y) 
4 
k-l 
a+/?+***+r) 
C 1 
where aji # 0 for j = 1,2,. . . , k. Suppose GC( A) is not fully indecompos- 
able. Then there exists an r X s zero submatrix 0, s of GC( A) where 
r+s =n - l.IfO,, is a submatrix of C, then clearly A has an r X (s + 1) 
zero submatrix where r + (s + 1) = n. Hence in this case A is not fully 
indecomposable. Suppose O,, s is not a submatrix of C. Since that a,,‘s are 
positive while CY, P, . . . , y are nonnegative, A has an (r + 1) X s zero 
submatrix where (r + 1) + s = n. Therefore A is not fully indecomposable. 
LEMMA 2.2. Suppose D E 0, is fully indecomposable and has a column 
(row) with exactly k positive entries and those k rows (columns) have the 
same zero pattern. Let A be a minimizing matrix on Cn( 0). Then a minimiz- 
ing matrix GC( A) E S1(GC( A)) is an (n - 1) X (n - 1) doubly stochastic 
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matrix. and 
per( 0) 2 per( A) = per( CC( A)) 
k-1 k-1 
2 
i I k per( CC( A)) . 
Proof. It suffices to consider the case where GC( A) is the generalized 
contraction of A on column 1 relative to rows 1,2, . . . , k. Using the averaging 
method on the first k rows of A, WC have that A has the following form: 
where xisnotzero,aisanlX(>~- l)matrix,andBisan(n- k) x (n 
x a 
. . . . . . 
A= * a 
0 
: B 
1) matrix. Hence 
per(D) >per(A) =per(A(l 11)) 
\ 
-.. +a) 
---!--(a + 
k-l 
..a +a) 
B J 
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LEMMA 2.3 [6]. For n > 3, 
u 
0 12,fl 2,2 
2,n = 
[ 1 J III n-2 
is baycentric and the minimum permanent on L~(u,, “) is 2(n - 1Xn - 
2)“-2/n”+ ‘. 
LEMMA 2.4. For n > 4, Us, n is a cohesive matrix. 
Proof. For n = 4, it was proved in [5] that U,,, is barycentric and hence 
cohesive. Let n > 5, and B,, n b e a minimizing matrix on Q(Us,“). Then 
B, n has the form of A, n 
u’ 
with a = 0 in (1.1) by the averaging method. Since 
3, n is fully indecomposable, each bi z 0. Without loss of generality, we may 
assume that 
b,+l < bi (i.e. xi+r > xi) (2.2) 
for i = 1,2,. . . , n - 1. Suppose rr = 0. Then the fourth column of B,, n has 
exactly three nonzero entries. Thus we can obtain a generalized contraction 
GC(B,, .) of B,, ,,. Since the third row of GC( B,, ,) has exactly three nonzero 
entries, we can obtain its generalized contraction GC(GC(B% ,,I), which is 
contained in fi(U,, n _ r). Using Lemmas 2.2 and 2.3, we have 
Per( B3, A = (+>‘PerW( B3, J> 
= (!)” x 
2(n - 2)(n - 3)n-3 
(n-1)” * (2.3) 
But pel(B,, ,> is less than or equal to the permanent of the barycenter 
b(U, ,>. That is, 
Per( B3, “> G P4V3, J> = 6 x 
(n - 3>“-3(n - l)(n - 2) . (2 4) 
n n+2 
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If we divide the value in (2.4) by the value in (2.31, then we can show that 
the result is less than 1 by a direct calculation for 5 < rr < 15 and from 
for n > 16. Thus we have a contradiction from the inequalities in (2.3) and 
(2.4). Hence x1 is not zero. By (2.2), U,,, n is cohesive. ??
THEOREM 2.5. For n G= 5, U,, ,, is baycentric and the minimum permu- 
nent on the face ll(U,. “) is 
6 x (n - 3)“-3(n - l)(n - 2) 
7l+2 (2.5) 11 
Proof. As the proof of Lemma 2.4, we have that a minimizing matrix on 
the face fl(U, “) is of the form A, ,, with a = 0 in (1.1). Without loss of 
generality, we also assume 
bi+, < b, (i.e. x,+, > xi) (2.2) 
for i = 1,2,..., n - 1. Let B denote this minimizing matrix with condition 
(2.2) on R(U, “). If xk < (k - 3)b, for some k with 4 < k < n, then 
1 = 3b, + xk 2 kb,. Thus b, > I/k. But 
I= ib,= ibi+ t bi>kb,+ k hial+ i b,>l, 
i=l i=l i=k+l i=k+l i=k+l 
a contradiction. Hence 
xk > (k - 3)b, 
for all k with 4 < k < n - 1. Similarly, we have 
x, > (n - 3)b,. 
(2.6) 
(2.7) 
176 
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@ij_k = xlx2 ..* xn 
xixj *** Xk 
for i,j ,..., k = 1,2 ,..., n. Since b, and b, are positive, we have 
0 = per( B(l I n + 3))-per( B(l I 7)) 
= 3b,{4b,Z per( B( 1, n+3,7,2)) +x,per(B(l,n+3,7))} 
- 3b,{4b,f per( B( 1,7, n + 3,2)) + x, per( B( 1,7, n + 3))) 
= 12b,b,(b, - b,)per(B(l,2,7,n + 3)) + 3(b,x, - b,x,) 
Xper( B(1,7, n + 3)) 
n-l 
= 12b,b,(b, - b,) c bfQdni 
i=l 
i#4 
n-1 
+ 3{b,(l - 3b,) - b,(l - 3b,)} c 2bf 
i=l 
i24 
Xper(B(1,2,7,n + 3,i + 3)) 
n-1 n-l n-1 
C bB@hni - C bf C b;*dni, 
i=l i=l 
i#4 i#4 
j=l 
j#4,i )I . (2.8) 
Since each xi is positive by Lemma 2.4, the quantity in the square brackets in 
(2.8) is less than 
bF((bAx2 - b22)@4”12 + (WV3 - b,2)@4”,3} 
+ b,2{(b,b,x, - b;)@=em + (hk - +L,,) 
n-1 
+ c b;{(b,b,x, - bf)‘44nil + (b4bnx2 - bi)‘dni,}a 
i=3 
i#4 
which is negative because 
b4bnxi - b; < bibi x 1 - b,? = 0 
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for i = 1,2, and 3, where the inequality comes from (2.2) and the fact that 
xi < 1. Hence we have b, = b, from (2.8). Using (2.21, we have that 
bi = b, (and hence xi = x”) (2.9) 
for all i with 4 < i < 12. 
Now suppose to the contrary that 
--& > b,, (2.10) 
and consider 
0 = per( B(7 I 7)) - per( B(4 I 4)) 
= (sb,)‘per( B(7,4 1)) + x1 per( B(7,4)) 
- {(3b4)2per( B(4,7,1)) + x4 per( B(4,7))} 
= 9(bf - bi)per(B(1,4,7)) + {(l - 3b,) - (1 - 3b,)}per(B(4,7)) 
=3(b, -b4){3(bl+bq)per(B(1,4,7)) -per(B(J,T))}. (2.11) 
Using (2.9), we calculate 
per( B(L4,7)) 
=b2(2b2)per(B(1,4,7,2,5)) +b,(eb,)per(B(1,4,7,2,6)) 
+ b4(2b4)per(B(1,4,7,2,8)) x (n - 4) 
= 2b;{b;x;-4 + b&y5( n - 4)} 
+ 2b,2{b,2x,“-4 + b,2x,x,“y5(n - 4)} 
+ 2(n - 4)b;{b;x,x;-5 + b,2x,x,“p” + b”x x xn-‘(n - 5)} 4 2 3 4 
= 4b;b;x,“-4 + 4(n - 4)b;b&-” + 4( n - 4)b;b;x&=’ 
+ 2(71 - 5)(n - 4)b;x,x,x;-“. (2.12) 
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By similar calculation, we have 
per(B(4,7)) 
= 3bi per( B(4,7,1,5)) + 3b,” per( B(4,7,1,6)) 
+ 3b,” per( B(4,7,1,8)) X (n - 4) 
= 3b;[2b;b:x~-~(n - 4) 
+{2b;b$-5 + 2b‘$,x,“-6 (n - 5)) * (n - 4)l 
+ 3@[2b;b;~;-~(n - 4) 
+{2qb;x;-5 + 2qx,r;-yn - 5)) *(rl - 4)] 
+ 3bt[2b;b;~i-~ + 2k1;btx,x;-~. (n - 5) + 2b;b;~,“-~ 
+2Lq+,xqn-6* (n - 5) 
+ {2b;b;x,r;-6 + 2b2b2x xn-6 4 3 2 4 + 2b;x,x,x;-7(n - 6)) 
*(n - 5)] *(n - 4) 
= 6(n - 4){6b;b;b;x;-5 + 3(n - 5)b;b;x3q6 
+3(n - 5)b;b%x2r;-6 + (n - 5)(n - 6)b;x2x3x:-7}. (2.13) 
Substituting (2.12) and (2.13) into (2.10, we have 
0 = 3(b, - b4)q7 
x[12b;b$x,2{(b, + b4)x4 - 3(n - 4)b,2} 
+12(n - 4)b;b;x,x,{(b, + b,)x, - ;(n - 5)b,2} 
+12(n - 4)bfb;x2x4{(b, + b4)x4 - ;(n - 5)b,2} 
+6(n - 5)(n - 4)b;x2x3{(b, + b,)x, - (n - 6)b:}]. (2.14) 
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> x4 - 3(n - 4)b,’ 
n-l 
> b, z(n - 3)b4 - 3(n - 4)b, > 0 (2.15) 
for n > 5, where the first inequality comes from (2.10) and the second comes 
from (2.7) and (2.9). Since the quantities in the four braces in (2.14) are not 
less than that in the first one, we have that the quantity in the square brackets 
in (2.14) is positive by (2.15). Thus (2.14) implies that b, = b,, which 
contradicts (2.10). Therefore we have 
(2.16) 
NOW, using a similar calculation to (2.81, we have 
0 = per( B(1 I n + 3)) - per( B(1 14)) 
n-1 n-1 
c b;alni - c b; 
i=2 i=2 
n-l n-l 
=6(b,-b,) c b;x Ab,b,,I, - b,? @lnij . ’ 1 (2.17) i=2 j=2 j#i 
But the quantity in the second parenthesis in (2.17) is negative because 
--&b&x, - b,? < b,b,rj - bi” < bjbj X 1 - bj” = 0 
for all j = 2,. . . , n - 1, where the first inequality comes from (2.16) and the 
second comes from (2.2), (2.9), and the fact that xj < 1. Thus the quantity in 
the second square bracket in (2.17) is negative, which implies that b, = b,,. 
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The equation (2.2) imples that all bi and xi are the same, respectively. Thus 
B with each bj = l/n and xi = (n - 3)/n is the unique minimizing matrix 
on R(Us, ,J and it is the barycenter of 0(Us, .). Moreover, the minimum 
permanent is 
Per(b(kJ) = per( B(I I41 
=3x ;[4(;i’iti’(2$3)“-3 
= 6 x (n - 3)“-3(n - l)(n - 2) 
n n+2 
as required in (2.5). 
III. v, n 
X 
(n - l)(n - 2) 
2 1 
In this section, we consider the (3 + n)-square (0,l) matrix V,, n and 
determine the minimum permanent and minimizing matrix on the face 
CI(V, ,,) for n > 6. 
THEOREM 3.1. For n > 6, the minimum permanent on the face CI(V,, ,,) 
is the value in (2.5) and the unique minimizing matrix is the baycenter 
b(U,, .) of the fae NU3, ,). 
Proof. Let A,, n in (1.1) be a minimizing matrix on fi(V,,.). Without 
loss of generality, we may assume that 
bi+l Q bi (i.e. xi+1 2 xi) (3.1) 
for i = 1,. . . , n - 1. Then we have 
x, > (n - 3)b, (3.2) 
by a similar method to (2.6). Since Vs n is fully indecomposable, b, (and 
hence all bi) and xs (and hence all x,,‘i > 3) are positive. Assume that the 
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entry a in A, n is not zero. Then we have 
0 = per(As,.(l 1 1)) - p&%,,(l In + 3)) 
= {2h, per( A3,“( 1,2 I 1, n + 3)) + X, per( A3+( 1, n + 3 I 1, n + 3))) 
- 3b, per(A,,.(l, n + 3 1 1, R + 3)) 
= (2b,,)‘per( A,, n( 1,2, n + 3)) + ( r, - 3k) per( A,, ,Jl, 12 + 3)). 
(3.3) 
For the case n = 6, we have xs > 3b, from (3.2). Since (2bs)” and 
per( A,, s(1,9)) are positive, we have pel( A,. s(1,2,9)) = 0 and (3~s - 3b,) = 
0 from (3.3). Then x1 = x2 = 0 (and hence b, = b, = f> and b, = i. But 
then we have a contradiction as follows: 
This contradiction implies that a = 0. 
For the case n > 7, we have x, 3 (n - 3)b, > 3b, from (3.2), and 
pel( A,, ,,(l, n + 3)) > 0. Thus the last term in (3.3) is positive. Then we have 
a contradiction that the value of the right side in the equation (3.3) cannot be 
zero. This contradiction implies that a = 0. 
Then, for n > 6, the minimizing matrix on fi(V,, “) becomes the matrix 
A with a = 0. Therefore, for n > 6, the unique minimizing matrix on 
C!?cs .> is the barycenter b(U, ,,> of fi(Us ,,) by Theorem 2.5, and the 
minimum permanent on fi(Vs ,,)‘is the value in (2.51, as required. ??
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